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Abstract. We study certain types of picccwisc smooth Lagrangian fibrations of smooth 
symplectic manifolds, which we call stitched Lagrangian fibrations. We extend the classical 
theory of action-angle coordinates to these fibrations by encoding the information on the 
non-smoothness into certain invariants consisting, roughly, of a sequence of closed 1-forms 
on a torus. The main motivation for this work is given by the piecewise smooth Lagrangian 
fibrations previously constructed by the authors [3] , which topologically coincide with the 
local models used by Gross in Topological Mirror Symmetry [5]. 

1. Introduction 

Lagrangian fibrations arise naturally from integrable systems. It is a standard fact of 
Hamiltonian mechanics that such fibrations are locally given by maps of the type: 

/ (/l T ■ ■ ■ J fn) 7 

where the function components of / are Poisson commuting functions on a symplectic man- 
ifold and such that the differentials dfi, . . . , dfn are pointwise linearly independent almost 
everywhere. It is customary to assume / to be C°° differentiable (smooth). Under this 
regularity assumption, a classical theorem of Arnold-Liouville says that a smooth proper La- 
grangian submersion with connected fibres has locally the structure of a trivial Lagrangian 
T"-bundle. In particular, all proper Lagrangian submersions are locally modelled on U x T", 
where U C is a contractible open set and U x T" has the standard symplectic form 
induced from R^". Standard coordinates with values in U x T" are known as action-angle 
coordinates. Since these are defined on a fibred neighbourhood, action-angle coordinates are 
semi-global canonical coordinates. Thus proper Lagrangian submersions have no semi-global 
symplectic invariants. 

In this article we investigate the semi-global symplectic topology of proper Lagrangian 
fibrations given by picccwisc smooth maps. In [3] §6 wc introduced the notion of stitched 
Lagrangian fibration. These are continuous proper invariant fibrations of smooth sym- 
plectic manifolds X which fail to be smooth only along the zero level set Z = /_t^^(0) of the 
moment map of the action and whose fibres are all smooth Lagrangian n-tori. Essentially, 
these fibrations consist of two honest smooth pieces = {a* > 0} and ~ {iJ- < 0}, 
stitched^ together along Z, which we call the seam. These fibrations, roughly speaking, can 
be expressed locally as: 

f - ,2 

where and fj arc smooth functions defined on X^ and X~ , respectively, whose differen- 
tials do not necessarily coincide along Z . Fibrations of this type are implicit in the examples 
proposed earlier by the authors [3] §5 and may also be implicit in those in [14]. In this paper, 
we develop a theory of action-angle coordinates for this class of piecewise smooth fibrations. 
Contrary to what happens in the smooth case, wc found that these fibrations do give rise to 
semi-global symplectic invariants. 

To the authors' knowledge, the kind of non-smoothness wc investigate here does not seem to 
be of relevance to Hamiltonian mechanics. Nevertheless it is an important issue in symplectic 
topology and mirror symmetry. Over the past ten years, Lagrangian torus fibrations, in 
particular those which are special Lagrangian^ have been discovered to play a fundamental 



^We have chosen to use 'stitching' rather than 'gluing' since the resulting map is in general non smooth; 
the term 'gluing' usually has a smoothness meaning attached to it. 
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role in mirror symmetry [16]. One should expect mirror pairs of Calabi-Yau manifolds to 
be fibred by Lagrangian tori and the mirror relation to be expressed in terms of a Legendre 
transform between the corresponding affine bases [10], [6], [12]. This approach to mirror 
symmetry has some intricacies. For instance, there are examples of (non proper) special 
Lagrangian fibrations which arc not given by smooth maps. Actually, one should expect a 
generic special Lagrangian fibration to be piecewise smooth [11]. Non-smoothness may also 
arise even in the purely Lagrangian case. In fact, there are examples of Lagrangian torus 
fibrations of Calabi-Yau manifolds which arc piecewise smooth [14]. This lack of regularity 
has two important consequences. In first place, the discriminant locus of the fibration -i.e. 
the set of points in the base corresponding to singular fibres- may have codimension less than 
2. Secondly, the base of the fibration may no longer carry the structure of an integral affine 
manifold away from the discriminant locus. In fact, the affine structure may break off not 
only along the discriminant -as it normally occurs in the smooth case- but also along a larger 
set containing the discriminant. Under these circumstances, it may become problematic to 
interpret the SYZ duality as a Legendre transform between affine manifolds. One should 
therefore understand the symplcctic topology of piecewise smooth Lagrangian fibrations. 

Some of the piecewise smooth examples here actually resemble the singular behaviour 
expected to appear in generic special Lagrangian fibrations. What is more important for 
our purposes, however, is the fact that our Lagrangian models coincide topologically with 
the non-Lagrangian models used by Gross [5]; the discriminant locus in our case may jump 
to codimension 1 in some regions but the total spaces are the same. In some cases, the 
discriminant has the shape of a planar amoeba A (see Figure 1) and fails to be smooth 
over the hyperplane F = {/i = 0} containing A. Away from A these fibrations are stitched 
Lagrangian torus fibrations. In particular, the affine structure on the base breaks apart along 
F \ A. In this paper we provide some useful techniques to understand how this degeneration 
of the affine structure occurs. 

The material of this paper is organised as follows. In §2 we start reviewing the classical 
theory of action-angle coordinates for smooth fibrations. In §3 we recall the construction of 
piecewise smooth fibrations of [3], these are explicitly given examples, some of them with 
codimension 1 discriminant locus. Then we revise the definition of stitched fibration, in- 
troduced in [3]. We formalise the idea of action-angle coordinates for stitched fibrations, 
allowing us to define the first order invariant, £i, of a stitched fibration. This invariant mea- 
sures the discrepancy along Z between the distributions spanned by the Hamiltonian vector 
fields 1 ■ ■ ■ 7/^, . . . , 77~ corresponding to f2j---7.fn /2~, . . . , /~, respectively. 

The seam Z is an S'^-bundle p : Z ^ Z := Z / such that: 




where / is the reduced fibration over the wall F = {/i = 0}, with tangent {n — l)-plane 
distribution: 

£ ker C TZ. 

Let ^2 be the set of fibrewise closed sections of £*, i.e. elements in .if^ can be viewed as 
closed 1-forms on the fibres of /. The first order invariant of / is defined as follows. There 
are smooth iS^-invariant functions 02, . . . , a„ on Z such that ajT]i = Vj^ ~ Vj ■ particular, 
this implies that 77^ and 77" are mapped under to the same vector field fjj on Z . The 
first order invariant £1 is defined to be the section of £* such that (i{fjj) = aj. It turns out 
that £1 € In §5 we investigate higher order invariants. These are sequences {£k}keN: 

with each £k G Given a stitched Lagrangian fibration /, we define inv(/) to consist of 
the data of {Z,f), suitably normalized, together with the sequence £ = {£k}k£m- The main 
result of this paper is proved in §6 (cf. Theorem 6.11 and Theorem 6.12) where we give a 
classification of stitched fibrations up to fibre-preserving symplectomorphims. Roughly, this 
can be stated as follows: 
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Theorem. There are stitched Lagraiigian fibrations / having any specified set of data inv(/). 
Moreover, given stitched Lagrangian fibrations / and /' with invariants inv(/) and inv(/'), 
respectively, there is a smooth symplectomorphism $, defined on a neighbourhood of Z, and 
a smooth diffeomorphism preserving T d B and a commutative diagram: 



X - 


— ^ X 


4 




B - 


B' 



if and only if inv(/) = inv(/'). 

This result extends Arnold-Liouville's theorem to this piecewise smooth setting. In §7 we 
study stitched fibrations over non simply connected bases. We show that one can read the 
monodromy of a stitched fibration as a jump of the cohomology class as 6 g F traverses 

a component of the discriminant locus. 

In the last section, we propose the following: 

Conjecture. Let Y C (C*)"~^ be a smooth algebraic hypersurface, Log : (C*)"~^ — > M"^^ 
be the map defined by: 

Log{z2,...,z„) = (log|z2|,---,log|2:„|). 

Then there is a piecewise smooth Lagrangian n-torus fibration with discriminant locus being 
the amoeba A = Log(F) inside {0} x R"~^ C M". Away from A these fibrations are stitched 
Lagrangian fibrations. 

To support this conjecture we propose a construction. 

The results of this article allow us to have good control on the regularity of a large class 
of proper Lagrangian fibrations. Using simple techniques, one may deform the invariants 
of a given stitched fibration and produce proper Lagrangian fibrations with symmetry 
which are smooth on prescribed regions. This can be done, for instance, by multiplying a 
given sequence of invariants by a smooth function on the base B vanishing on a prescribed 
region. In joint work in progress [2], the authors use these and other techniques to give 
a construction of Lagrangian 3-torus fibrations of compact symplectic 6-manifolds starting 
from the information encoded in suitable integral affine manifolds, such as those arising from 
toric degenerations [7]. Such affine structures are expected to appear as Gromov-Hausdorff 
limits of degenerating families of Calabi-Yau manifolds (in the sense of [8], [12]). 

2. ACTION-ANGLE COORDINATES 

We review the classical theory of action-angle coordinates for C°° Lagrangian fibrations. 
For the details we refer the reader to [1]. Assume we are given a 2n-dimensional symplectic 
manifold X with symplectic structure a smooth n-dimensional manifold B and a proper 
submersion f : X ^ B whose fibres are connected Lagrangian submanifolds. 

Let Fh be the fibre of / over b E B. We can define an action of Tj^B on Ff, as follows. For 
every a G T^B we can associate a vector field Va on Fb determined by 

(1) t^o^ = /*"■ 

Let cj)l^ be the flow of Va with time t gM.. Define 9a as 9a{p) = 4'a{p) where p £ Fb. One can 
check that 0a is well defined and that it induces an action {a,p) i-^ Oa{p)- Furthermore, the 
action is transitive. Then. A^ defined as 

Ab = {A e T^B I ex{p) = p, for all p G Fb} 

is a closed discrete subgroup of Tj^B, i.e. a lattice. From the properness of / it follows that 
Ab is maximal (in particular homomorphic to Z") and that Fb is diffeomorphic to Tj^B/Ab 
and therefore Fb is an n-torus. 

Let A = UfegsAti. One can compute A as follows. Given a point bo €z B and a contractible 
neighbourhood U of 6o: for every b £ U, Hi{Fb,1^) is naturally identified with Hi{Fbg,'Z). 
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Choose a basis 71, . . . , 7„ of Hi{Fi,g, Z). Given a vector field v on U, denote hy v a lift of v 
on f^^{U). We can define the following 1-forms Ai, . . . , A„ on B: 

(2) Aj(u) = - / iyUJ. 

hi 

It is well known that the I-forms A^ are closed and they generate A. If <t : _B ^ X is a 
smooth section of / we can define the map 

e : T*B/k^ X 

by 0(&, a) = 9a{<7{b)). This map is a diffeomorphism and it is a symplectomorphism if 
a{B) C X is Lagrangian. A choice of functions aj such that daj — Xj defines coordinates a = 
(ai, . . . a„) on U called action coordinates. In particular, a covering {[/;} of B by small enough 
contractible open sets and a choice of action coordinates on each Ui defines an integral 
afSne structure on B, i.e. an atlas whose change of coordinates maps are transformations in 
M" X Gl(n,Z). 

A less invariant approach -but useful for explicit computations- can be described as follows. 
Let (61, . . . 6„) be local coordinates onU C. B and let fj = bj o f. Then /i, . . . , define an 
integrable Hamiltonian system. Let be the flow of the Hamiltonian vector field rjj of fj . 
Let CT be a Lagrangian section of / over U. Then the map Q above can be expressed as: 

e : (6, t.dbi + ■■■ + t„d6„) o . . . $;';(a(6)). 

One may verify that 

Ab = {(&, tidbi + ■■■+ tndbn) e T;U I o . . . {aib)) - a{b)}. 

When (61, . . . , bn) are action coordinates, (61, . . . , 6„, ii, . . . , i„) are action-angle coordinates. 
These coordinates always exist on a fibred neighbourhood f~^{U) of a fibre Ft with U C R" 
a small neighbourhood of b, thus they can be regarded as semi-global canonical coordinates. 
In particular, we have the following classical result: 

Theorem 2.1 (Arnold, Liouville). A proper Lagrangian submersion with connected fibres 
and a Lagrangian section has no semi-global symplectic invariants. 

The global existence of action-angle coordinates is obstructed. For the details concerning 
this issue we refer the reader to Duistermaat [4]. 

In the next section we consider a larger class of Lagrangian submersions which include 
some Lagrangian fibrations which fail to be given by C°° maps. 

3. Stitched Lagrangian fibrations: definitions and examples 

Definition 3.1. Let {X,llj) be a smooth 27?-dimensional symplectic manifold. Suppose there 
is a free Hamiltonian action on X with moment map ^ : X M.. Let X^ = {/i > 0} and 
X~ = {/i < 0}. Given a smooth (n — l)-dimensional manifold M, a map / : AT ^ M x Af is 
said to be a stitched Lagrangian fibration if there is a continuous invariant function 
G . X ~^ M, such that the following holds: 

(i) Let = G\x±- Then and G^ are restrictions of C°° maps on X; 
(ii) f can be written as 

/ = (m, G) 

and / restricted to X^ is a proper submersion with connected Lagrangian fibres. We 
denote 

./* = ./u±. 

We call Z = /i^^(O) the seam. 

We warn the reader that throughout the paper the superscript ± appearing in a sentence 
means that the sentence is true if read separately with the -I- superscript and with the — 
superscript. Notice that a stitched Lagrangian fibration may be non-smooth. In general it 
will be only piecewise G°°, however all its fibres are smooth Lagrangian tori. Observe also 
that /+ and /~ are restrictions of C°° maps, they are not a priori required to extend to 
smooth Lagrangian fibrations beyond X^ and X^, respectively. Later we show, however. 
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that for any stitched fibration, and / are indeed restrictions of some focally defined 
smooth Lagrangian fibrations (cf. §6). 

Let ttr be the projection of M x i\/ onto M. Given a point m e M we study the geometry 
of a stitched Lagrangian fibration / in a neighbourhood of the fibre over (0,m). For this 
purpose it is convenient to aUow a more general set of coordinates on R x M than just the 
smooth ones. 

Definition 3.2. Let S be a neighbourhood of (0, m) e M x M, let B+ = B n (R>o x M) 
and ^ B (M<o x M). A continuous coordinate chart {B, (f) around (0, m) is said to be 
admissible if the components of </> = . . . ,(/)„) satisfy the following properties: 

(i) 01 = ttr; 

(a) for j = 2, . . . , 71 the restrictions of 4>j to B^ and B^ are locally restrictions of smooth 
functions on B. 

Lemma 3.3. Let / :X^MxMbea stitched Lagrangian fibration and let (B, (f) be 
an admissible coordinate chart around (0,m) € M x M. For j = 2, ...,n, the function 
~ o /)|/-i(B±) is the restriction of a C°° function on X to X^. Let rji and be the 
Hamiltonian vector fields of /x and respectively. Then there are invariant functions 
a^, J = 2, . . . , n on ^ n f~^{B) such that 

(3) - Vj)\znf-HB) = aj'?i|zn/-i(s)- 

Proof. Let Z = Z/S^, with projection p : Z ^ Z and let ujr be the Marsdcn-Wcinstcin 
reduced symplectic form on Z. Given a vector field t; on .Z, let be a lift of v on Z . Then 
we have 

{P* (??/ -Vj),v) = iVj' - Vj , V) 

= idG+ - dGj){i) ^ 0, 

where the last equality comes from the fact that, being G continuous, Gj'lznf-^iB) = 
G~\znf-^{B)- Since ujr is non-degenerate on Z, it follows that 

p*{vt - '/7) = 0. 

Therefore (3) must hold for some function aj, which must be invariant since the left-hand 
side of (3) is invariant. □ 

Clearly, when / and the coordinate map (j) are smooth, all the a^'s vanish, so equation (3) 
measures how far / and are from being smooth. We will say more about this in the coming 
sections. 

We now recall some of the examples which we already introduced and discussed extensively 
in [3]. Consider the following action on C'^: 

(4) e'^(zi, Z2, 23) = (e'^zi, e"*^Z2, 23). 

This action is Hamiltonian with respect to the standard symplectic form uj£3. Clearly, it is 
singular along the surface S = {zi ~ Z2 = 0}. The corresponding moment map is: 

(5) ^(Zl,Z2,Z3) = ^ . 

The only critical value of is i = and Crit(/j,) = S C //^^(O). 
Let 7 : C be the following piecewise smooth map 



when^>0 



(6) 7(21,02) = 

In two dimensions we have the following: 



when /i < 0. 

-S2 I 
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Example 3.4 (Stitched focus-focus). Consider the map 

(7) f{zi,Z2) = (^^^Y^, log |7(^1, Z2) + 1|) . 

It is clearly well defined on X — { (2:1,2:2) € | 7(2:1,22) + 1 7^ 0} and it has Lagrangian 
fibres. We showed in [3] that / has the same topology of a smooth focus-focus fibration. The 
only singular fibre, /~^(0), is a (once) pinched torus. One can easily see that, when restricted 
to X — f~^{0), / is a stitched Lagrangian fibration. The seam is Z = ii~^{Q) — f~^{0). Notice 
that Z has two connected components. Let r]i and rj^ be the Hamiltonian vector fields defined 
as in Lemma 3.3. After some computation one can verify that 

{V2 - V2)\z = af]i\z, 

where 

There is an analogous model in three dimensions: 
Example 3.5. Consider the map 

(8) fizi,Z2,Z3) = {fi, \0g\z3\, log 17(21,22) - 1|) • 

The discriminant locus of / is A = {0} x K x {0} C M^. Again, / restricted to X - f^^{A) 
defines a stitched Lagrangian fibration. 

Example 3.6. Consider the map 

(9) 7(21,22,23) = (^i, log -^17-231, log -^17 + 23 -V2|). 

Let X be the dense open subset of C"^ where / is well defined. The general construction 
discussed in §5 of [3] shows that / is a piecewise smooth Lagrangian fibration. It contains 
singular fibres, in fact the discriminant locus A of / is depicted in Figure 1. One easily 




Figure 1 . Amoeba of wi + U2 + 1 = 

checks that / restricted to AT — /^^(A) is a stitched Lagrangian fibration. The seam is 
Z = n~^{0) — /~^(A), notice that Z has three connected components. Let r]i and rj^ be the 
Hamiltonian vector fields defined as in Lemma 3.3. A computation shows that, for j = 2,3 

where 

^ Re((7-^3)|f) 

I7- 23p 

and 

Re((7 + 23-V2)^) 

03 = ^ —■ 

I7 + 23-V2P 

In [3] we describe the topology of the singular fibres of / and discuss the relevance of this 
fibration in the context of Gross' topological mirror symmetry construction. We also show 
how this example can be perturbed to obtain other interesting stitched Lagrangian fibrations 
with discriminant locus of mixed codimension one and two. 
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4. The first order invariant 

Our goal in this paper is to give a semi-global classification of stitched Lagrangian fibrations 
up to smooth fibre-preserving symplectomorphism. For this purpose in this section we restrict 
our attention to stitched Lagrangian fibrations / : X ^ M x M, where M = M"~^. We 
assume that f{X) C M" is a contractiblc open neighbourhood U of G R" and we denote 
coordinates on [/ by 6 = (fei, . . . , 6„). Clearly {X, f) is a topologically trivial torus bundle 
over U. Let U+ := f/n {61 > 0}, U' := f/n {61 < 0} and F := [/n {&i = 0}. We assume for 
simplicity that the pair (C/, F) is homeomorphic to the pair {D" , D"~^), where £>" C M" is 
an n-dimensional ball centred at and D"^^ C -D" is the intersection of _D" with an 77, — 1 
dimensional subspacc. Wc have that = f~^{U^) and Z = /~^(F). If /i, . . . , /„ are the 
components of /, then /i = /i is the moment map of the action. When j — 2, . . . we 
denote = /j|x±- As in Lemma 3.3 wc let ?/i and rj^ denote the Hamiltonian vector fields 
of /i and respectively. Let us recall the notation used in the proof of Lemma 3.3. Since 
Z = fi-^{0), the action on X induces an S'^-bundle p: Z ^ Z, where Z Z/S^. There 
exists f : Z T such that the following diagram commutes 



Z 




z 



In fact / = (/2, ...,/„), where each component of / is thought of as a function on Z. For 
6 G F denote by Fb the fibre over b and Fb = Fb/S^, clearly Fb — f^^{b). Denote by 

£ = kcr/*, 

the bundle over Z whose fibre at a point y G Fb is TyFb- From Lemma 3.3 it follows that 
p*77^ = p^iy , so we can define fj = (772, . . . , 77„) to be the frame of £ where 77^ = p^rj^ ■ We 
say that a section of A''£,* is fibrewise closed (exact) if it is closed (exact) when viewed as a 
fc-form on each fibre Fb- We have the following: 

Proposition 4.1. Let {X,f) be a stitched Lagrangian fibration. If £1 is the section of £* 
defined by 

ilifjj) = Qj, 

where Qj is the S'-'^-invariant function appearing in (3), then £1 is fibrewise closed. 

Proof. Since / is a Lagrangian submersion, the Hamiltonian vector fields 771 , 77^ , . . . , ry^ com- 
mute and are linearly independent. Therefore, for every fixed 6 G F, the vector fields vflpt 
span (n — l)-dimensional integrable distributions , which are horizontal with respect to 
the S'^-bundle pb : Fb ^ Fb- From the invariance of /2, . . . , /„, it also follows that 
are invariant. Thus they define flat connections 9^ of the bundle pb : Fb ^ Fb- From the 
properties of flat connections, it follows that — 6'^ is the pull back of a closed one form on 
Fb- From (3) we obtain 

(Ob -ot){nf)-a,\p^, 

i.e. that 

Ob -ot =pUh\Fj- 

Therefore £1 is fibrewise closed. □ 

Clearly, the definition of £1 depends on a choice of coordinates on U. Let £[ be a fibrewise 
closed section of £*. We say that £[ is equivalent to £1 up to a change of coordinates on 
the base if there exists a neighbourhood W C U of F and an admissible coordinate map 
(f> : W ^ R" such that £[ is the section associated to {f~^{W),(f> o f) via Proposition 4.1. 
Denote by [£i\ the class represented by £1 modulo this equivalence relation. We say that a 
section 5 of £* is fibrewise constant if 

s = 0, 
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for all j = 2, . . . , n, here £jfj- denotes the Lie derivative. One can easily check that the latter 
definition is independent of the admissible coordinates on the base used to define fjj. We 
have the following 

Proposition 4.2. A section £[ of £* is equivalent to £i up to a change of coordinates on the 
base if and only if 

e[ = £i + s, 

where S is fibrewise constant. In particular, the class of £i may be written as 

[ii] = {£i + 5 \ S is fibrewise constant}. 

Proof. Given an admissible change of coordinates cj) : W R", we must have 4>i ~ 6i. 
Moreover the partial derivatives dk4>j are defined and continuous on W for all fc, j = 2, . . . , n. 
As far as derivatives with respect to bi are concerned, only left and right derivatives are 
defined and smooth on F, i.e. only dicj)'^ and di(j)~ , which may a priori differ. Let (?7^)^ 
be the Hamiltonian vector fields on Z corresponding to 0^ o /, with j = 2, . . . ,n, and let 
Vj = P*{Vj)'^ ■ An easy calculation shows that 

n 
fc=2 

In particular this implies 

n 

(10) fjj = ^dk4>jfjk. 

k=2 

and 



n 

= {di(l)^ - di(l)J +^ak^k(j)j)m■ 
k=2 

If £[ is the 1-form associated to <j> o f via Proposition 4.1, then by definition we must have 

n 
fc=2 

Let 5 be the section of £* defined by 

(11) ^(77;)= 9x0+ -910-. 

Then, also using (10), we see that 

{£, + 5){n',) = £\{n',). 

Moreover, from (11) one can see that 5{f]'j) descends to a function on T and therefore 5 is 
fibrewise constant. 

Now suppose that 5 is a fibrewise constant section of £* . Let 

5{fij) = dj. 

Since 6 is fibrewise constant, the dj's arc fibrewise constant functions on Z, i.e. they descend 
to functions on F. Define the following map 

(61, 62 + fi2(&2, • ■ ■,bn)bi, . . . , 6„ + rf„(62, . . . ,bn)bi), when 61 > 



(^(61, . . . ,6„) = 



Id, when bi < 0. 



It is a well defined admissible coordinate map on some open neighbourhood of F. It is also 
clear that (11) holds. □ 

Definition 4.3. We call £1 the first order invariant of the stitched fibration {X,uj,f). 
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The name "invariant" in the above Definition will be fully justified later on. 

It is clear from the proof of Proposition 4.2 that 5 is a first order measure of how far the 
change of coordinates on the base is from being smooth, in particular if it is smooth then 
(5 = 0. 

We also have the following: 

Corollary 4.4. If there exists an admissible change of coordinates on the base which makes 
the stitched Lagrangian fibration smooth, then £i is fibrewise constant. 

Proof. It is clear that if (/> o / is smooth then we must have that its first order invariant £[ is 
zero. It then follows from Proposition 4.2 that £i must be fibrewise constant. □ 

We now describe action-angle coordinates of a stitched Lagrangian fibration f : X ^ U. 
Let a be a 1-form on U. Since is the restriction of a smooth map, a pulls back to an 
honest smooth 1-form defined on a neighbourhood of Z. The latter defines a smooth 
vector field determined by the equation (1). The flow of , when restricted to X"^, is 
fibre-preserving. This induces an action of Tj^U on the fibre for all b S . Let 

a : U ^ X be a continuous section which is smooth and Lagrangian when restricted to U^. 
Then, as explained in §2, there is a maximal smooth lattice A± C T*U^ and a diagram 



T*[/±/A 




where 8^ is a symplectomorphism and tt^ is the standard projection. Let 3>* , <&* ± ± 
denote the flow of r/i , , . . . , 77^ respectively. Then 

(12) e± : (fe, t, dh,) ^ ° ° . . . ° <J>;± {cj{h)), 

3 

and 



A± = {(6, dh,) e r*[/± I o $ J o . . . o = a{h)} 

3 

\i = dbi. 



The action implies dbi G A±. Let us denote a basis for A± by {Ai, A^, . . . , A^}, where 

n 
k=l 

The S*^ action on X corresponds to translations along the Ai direction. Let 

z± = (7r±)-i(r). 

If we denote 

~Xf = Xf mod dbi 
and let A='= = span(A^, , . . . , A^)z, then 6''= identifies Z/S^ with 

z± = T*r/A±. 

Denote hy t = {t2, ■ ■ ■ ,tn) the coordinates on the fibres of Z~ . 

Now observe that, due to the discrepancy (3) between 77^ and 77" along Z, 0+ and 8~ 
behave differently on fibres lying over F. We have the diagram: 

z- Z+ 




Z " 



and the difference between the two maps is measured by 

(0+)-^ oQ- : Z- ^ Z+. 
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We have the foUowing characterisation of this map: 

Proposition 4.5. The discrepancy (3) between the Hamiltonian vector fields of the stitched 
Lagrangian fibration f : X ^ U induces the map 

Q = (e+)-ioe- 

between Z~ and Z+. Let 

£^ - (e-)*€i. 

Then, computed expUcitly in the canonical coordinates on T*U^ and T*U^ , Q is given by 

(13) Q:{b,h,t)^(^b,h~J^e^,t'^, 

where (b, t) are the canonical coordinates on Z~ and the integral is a line integral in T^T 
along a path joining (5, 0) and (6, t). 

Proof. Let (6i, . . . , 6„, ii, . . . , t„) and (&i, . . . , b„, . . . , yn) be the canonical coordinates on 
T*U~ and T*U'^ respectively. From its definition, we see that O"*" identifies 771,77^, ... ,77+ 
with . . . ,dy^ and w.l.o.g. we can assume that it sends cr to the zero section of T*U. 
Therefore (3) becomes 

(14) r^J ^dy^~{a,oQ+)dy,. 

Notice that aj o 0+ is independent of yi . Computing the flows of 771 , 77^ , . . . , 77" in these 
coordinates is not difficult and it turns out that Q is given by 

Q : (&,ti, . . . ,t„) i-^ fe, ti - / ajoQ (6, ^2, • ■ • , tj-i, 0, . . . , 0)(it, ^2 

which is equivalent to (13), since £1 is fibrewise closed^. □ 

We now explain how the map Q matches the periods in with those in A+. The maps 
6=^ naturally identify A± with i?i(X,Z) ^ Z", but in general Q does it differently from 
0+. Let 71 be the cycle represented by the orbit of the 5^ action. We know that 71 always 
corresponds to the period dh\. 

We have the following 

Corollary 4.6. Suppose we choose bases {Ai, A^, . . . , A^} of A± corresponding to two bases 
7"^ = {717 72^ 7 • ■ • , 7^ } of Hi{X, Z), such that 

(i) 71 is represented by an orbit of the action, 

(a) if ~ ij ~^ "iT^jli^ for some 77^2, . • . , rUn € Z. 
Then at a point 6 e F we have 

(15) A+(6) = A7(6)+ I m 



where the integral of £^ is taken along the cycle represented by . In particular 
(16) X+ib) = Xjib). 

Proof. To obtain (15) it suffices to observe that since nijXi+Xj and A^ have to represent the 
same 1-cycle in f~^{b), they must be mapped one to the other by Q. The result is therefore 
obtained by applying (13) to nijXi + XJ . □ 

Remark 4.7. Condition (m) means that under the map : Hi{X, Z) Hi{X/S^, Z), bases 
7+ and 7~ are mapped to the same base of Hi{X/S^,Z). We will need to consider condition 
(ii) in ^ 7 where we discuss stitched Lagrangian fibrations over non simply connected bases, 
for which non-trivial monodromy may occur. 



To verify that the above expression of Q is correct, it is enough to check that dt^ Q = rjj 
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A+ and that on 



Remark 4.8. From Proposition 4.5 and Corollary 4.6 it follows that A_ 
the quotients Z+ and Z^, Q acts as the identity. Therefore, if we let 

e+ - (e+)*£i, 

then we have Z'^ = and £i = ■ Thus we can remove the + and — signs and denote 



A, 



A = A_ = A+ 

and, with slight abuse of notation, identify Z with T*T / K and / with the projection tt : Z — > 
r. Notice then that £ is identified with kerTf* and £i with £f . 

It is natural to consider bases of Hi {X, Z) satisfying conditions [i) and {ii) also because 
of the following 



i7n} be bases of Hi{X,Z) satisfying conditions (i) and (ii) 
M" be the corresponding action coordinates satisfying 



Lemma 4.9. Let {71,7^,. 
of Corollary 4.6 and let 
a±(0) = 0. Then the map 

(17) 



is an admissible change of coordinates. 

Proof. Action coordinates — {af , . . . , a^) are defined by the integral 




-fib)- Af. 
"'0 

along a curve in joining and b. When j = 1, this gives = aj" = bi. Clearly a is a 
diffeomorphism when restricted to or . Moreover a is injective. The fact that a"*" and 
a~ coincide along F follows from (16) and the connectedness of F. In fact (16) implies that 
when 6 e F the above integral gives 



A 



A^ 



a- (6). 



This concludes the proof. 



□ 



Remark 4.10. The upshot of Lemma 4.9 is that after a change of coordinates as in (17) 
we can always assume that the coordinates on the base [/, when restricted to U^, are action 
coordinates corresponding to bases {71, 7^, . . . , 7,^ } of Hi{X,Z) satisfying (i) and (ii) of 
Corollary 4.6. Then {dbi, db2, . . . , dbn} form a basis of A+ and A_. From (15) it also follows 
that, in view of the identifications of Remark 4.8, £1 must satisfy 




The reader should be warned at this point that, although the map a as in (17) allows us to 
find action coordinates on both C/+ and U^, we still have two different sets of action-angle 
coordinates, (61, . . . , 6„, j/i, . . . , j/„) on X^ and (61, . . . , 6„, ti, . . . , t„) on X~ . This is due to 
the discrepancy between 0+ and which makes the map: 

Q^r(e+)-i onX+ 
[(e-)-^ onAT- 

discontinuous along the seam Z. As pointed out before, this discrepancy is measured by £1. 

In the next theorem we show that any fibrewise closed section £1 G £* can be the first 
order invariant of a stitched Lagrangian fibration. 
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Theorem 4.11. Let U be an open contractible neighbourhood of e K" such that T = 
U n {hi = 0} is contractible. Let A C T*r be the lattice spanned by {(i&2, • ■ • , dhn}, and let 
Z = T*r/A, with projection tt : Z — > F and bundle £ = kerTTn.. Given integers m2, . . . ,TOn 
and a smooth, fibrewise closed section ^l of £* such that 

(18) / ii= raj for all j = 2, . . . , n, 

Jdbj 

there exists a smooth symplectic manifold {X, lo) and a stitched Lagrangian fibration / : 
X U satisfying the following properties: 

(i) the coordinates . . . , 6„) on U are action coordinates of / with /i = f*bi; 
(a) the periods {dbi, . . . , restricted to correspond to basis {71, 7^, • ■ • , 7,t} of 

Hi{X,Z) satisfying (i) and (n) of Corollary 4.6; 
(Hi) £1 is the first order invariant of (X, /). 

Proof. We regard the two halves of U, and defined as before, as disjoint sets. Let 
A± be the lattices in T*U'^ spanned by {d^i, ^62, . . . , d6„} and define X^ = T*U^/A±, 
with corresponding projections tt*. Let = dX^ = (7r^)~^(r). Translations along the 
dbi direction define an S'^ action on Z± such that Z = On T*U+ and T*!!' , we 

consider canonical coordinates (61, . . . , 6„, yi, . . . , y„) and (61, . . . , 6„, ii, . . . , i„) respectively 
(or {b,y) and (6, t) for short). Coordinates on Z are given by (6, t) (or {b,y)), where b = 
(0, &2, . . . ,6„) e r and f = (i2, ■ • ■ (or y = (2/2, • ■ • ,yn))- For j = 2, . . . ,n, let 

a, =4(9*,) = ^1 (a,,) 

On let 771 = and 77^ = then on Z+ we can define vector fields 

which is coherent with (14). We can define a map Q : Z^ Z^ by composition of the fiows 
of m,V2^ ■ ■ • i-e- 

Q : (6, ti, . . . , t„) o o . . . o <i>l^ (&, 0). 

Clearly, Q can be written as in (13). One can easily see that the properties of £1 ensure 
that Q is a well defined fibre-preserving diffeomorphism which sends the cycles represented 
by dbi and dbj in Hi{Z^ ,Z) to the cycles represented by dbi and dbj — TUjdbi in iJi(Z+, Z), 
J = 2, . . . ,n, respectively. Intuitively, Q identifies fibres of 7r~ inside Z^ with fibres of 7r+ 
inside .Z"*" after the latter ones have been twisted by iteratively flowing in the direction of rjj , 
j = 2, . . . , n. Topologically we define 

X ^X+ UqX^. 

To give X smooth and symplectic structures wc have to extend the gluing map Q to open 
neighbourhoods of Z+ and Z~ . Let open sets [/+ and be small enlargements of [/+ and 
U~ respectively, obtained by joining small open neighbourhoods of F to and U~ . Extend 
A± to lattices of T*U^ in a constant way. We look for neighbourhoods of Z^ inside 
T*U^/A± and a symplectomorphism Q : extending Q. One can achieve this by 

considering an "auxiliary" fibration. Suppose for now that we could find a neighbourhood 
V"^ of Z+ and a smooth, proper S'^-invariant Lagrangian fibration u : R", with 

components Uj such that: 

Ul = 61, 

(19) u\z^ = 7r+,^ 

Vuj \z+ = Vj , when j = 2, . . . , n. 

This amounts to prescribing zero and first order terms of u along Z+ in the Taylor expansion 
of u with respect to &i. Now inside U~ there will be a small open neighbourhood of F 
and a symplectomorphism: 

Q:V- ^ V+, 

where V' := {Tr-)-\W) and 

g : (6, ti, . . . , i„) o ^ll^ 0...0 ^li^ (6, 0). 
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In other words, Q is the action-angle coordinate map associated to the fibration u : 
R", computed with respect to the cycles {dbi, —7712^61 + db2, ■ ■ ■ , —rrindbi + dbn} (it may be 
necessary, for this pmpose, to restrict to a smaller V'^). From (19) it follows that Q extends 
Q. We define 

X = {X+ U V+) Uq {X- U V-). 
and the stitched Lagrangian fibration to be 




Due to the non-triviality of the gluing map Q used to define X, / is in general piecewise 
smooth. In fact if we pull back / via the inclusion X^ U ^ X, then we obtain 



/I 



X+UV+ 



on fei > 
on bi < 0. 



This is because tt = Q*u. By construction {X,uj) and / satisfy the conditions (i) — (Hi). 

Now we prove that a fibration u : M" satisfying (19) exists. For every b £ T, 

consider the following one-parameter family of closed 1-forms on the fibre Ft, = (7r+)^^(fe) 

e{r)=r{dyi+ii), 

where r G R. For every r, the graph of £{r) defines a Lagrangian submanifold inside T*Fi,. For 
r sufficiently small, let L^.b be the image of the graph of tir) under the symplectomorphism 

n 

(yi, . . . , y„, ^ Xkdyk) i-^ (a;i, 62 + 2-2, + a;„, yi, . . . , y„), 

fc=i 

between a neighbourhood of the zero section of r*Fb and a neighbourhood of Ft, inside 
T*U^ / Then there will be a sufficiently small neighbourhood of Z+ which is fibred 
by the submanifolds Lr,b, i-e. on which the manifolds L^.b arc the fibres of a Lagrangian 
fibration u : M". This is due to the fact that the map 

(r, 62, . . ■,bn,yi, ■ ■ ■,yn) {r,b2 + ra2{b,y), . . . , 5„ + ra„(6, y),yi, . . .,?/„) 

is a diffeomorphism when restricted to a neighbourhood of {0} x Z+ inside M x Z+. We now 
show that a possible choice of u also satisfies (19). Notice that u will be S'^-invariant since its 
fibres Lr^b are S'^-invariant. Given {b',y') G , there exists a unique (r, &) G R x Z+ such 
that Lr,b C and (&', y') G Lr^b- In fact (r, 6) can be determined as a function of (6', y') by 
solving the non linear system 



(20) 



\r = b[ 

1 bj + raj (6, y') = b'j when j = 2, . . . ,n 
using the implicit function theorem. Now define 

ui{b',y') = b[ 

and, when j ~ 2, . . . ,n 

(21) u,(b\y') = b„ 

where bj (and thus b) are functions of {b',y'). Notice that S'^-invariance of Uj can also be 
seen from the fact that Uj is independent of yi. It is clear that, when j = 2, . . . ,n 



,n 



\(^b;^"ilz+ = ^fcj for all fc = 2, . . . ,n. 

Therefore 

Vu,\z+ = db'bjdy^ +dy^. 

Using (20) we compute that 

db[bj\z+ = -aj, 

which proves that conditions (19) are satisfied. □ 
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5. Higher order terms 

In Theorem 4.11 we provided a (local) construction of stitched Lagrangian fibrations with 
any given first order invariant satisfying integrality conditions (18). It involved the choice of 
a Poisson commuting set of functions mi, . . . , u„ (producing a Lagrangian fibration u) defined 
on a neighbourhood of Z and with prescribed 0-th and 1-st order terms (cf. (19)). In general 
there may be many choices of such functions giving stitched Lagrangian fibrations which are 
not fibrewise symplectomorphic. It is necessary to look at higher order terms. In this Section 
we give a description of these higher order terms and prove an existence result of stitched 
Lagrangian fibrations with prescribed higher order terms.. 

We fix here some basic notation. Let (6i, . . . , 5„) be standard coordinates on M". Let R""-*^ 
be embedded in R" as the subset {h\ = 0} and let F C R"~^ be an open neighbourhood of 
€ R""^. We will denote by U an open neighbourhood of F in R". We assume that the 
pair (J7, F) is diffeomorphic to the pair (D",Z3"^^) where C R*^ is a unit ball centred 
at 0. Denote J7+ = n {6i > 0} and /J" = t/ n {6i < 0}. Then F = C/+ n . Let A 
be the lattice in T*\J generated by {dfoi, . . . ,c?6n} and consider T*U / h with the standard 
symplectic form and with projection onto U denoted by tt. We assume acts onT*U / A via 
translations along the dbi direction. Let Z = 7r~^(F) and Z = Zj . If A denotes the lattice 
in T*F spanned by {d&2, ■ ■ • , rf&n}, we have Z = T*F/A with projection tt. Given 6 G F, we 
denote = 7r~^(5) and F;, = T^~^{b) = Fb/S^. Canonical coordinates on T*U are denoted 
by {b, y) = (6i, . . . , 6„, j/i, . . . , j/„). We also have the bundle £ = ker-Tf*. 

Throughout this section we will study the set defined in the following 

Definition 5.1. We define to be the set of pairs (V,w) where F is a neighbourhood of 
Z and u -.V ^ R" is a C°°, proper, S'^-invariant, Lagrangian submersion, with components 
{ui, . . . ,M,i), such that u\z = tt and ui = bi. 

Given {V,u) G let Y+ := n-^{U+), Y := Y+UV, Y' Ynn~^{U-) and define the 
map fu-.Y^ R" by 

(22) fu -- 

Clearly {Y, /„) is a stitched Lagrangian fibration. We study the aforementioned higher order 
terms of such fibrations. 

Proposition 5.2. Let {V,u) € '^z- For every iV G N and j = 2, . . . , n, consider the A'^-th 
order Taylor series expansion of uj in the variable bi, evaluated at bi = 0: 

N 

(23) u,=5^%fe6t + o(&f), 

fe=0 

where Sj^k are smooth functions on Z which are invariant (i.e. independent of yi). For 
every m G N, define the following sections of £* and A^ £* respectively 

n 

(24) Sjn = ^ Sj^rn dyj 

and 

(25) I ^1 = 

\Pm = {j2T=i{Sj,k, Si^rn-k}j dy-j A dyi when m > 2. 

where {•, •} denotes the Poisson bracket on Z. Then on every fibre Fb, Sm and Pm satisfy 
the following equations 

(26) dSm\Fb ^^"'l-Fb' 

Proof. We recall that the Poisson bracket on T*U/A can be written as 

n 
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Since the functions Sj^m do not depend on yi, one can easily see that the following holds 
where the bracket on the right hand side reduces to the bracket on Z. Also wc have 
Thus we have 

{u„ui} = J2 {Sj,k, Si,m}bT'-'' + o{b^) 

0<'m+k<N 
N I ra \ 

m=0 \fc=0 / 

Therefore if Uj and ui commute then we must have that for all m G N 

m 
fe=0 

or that 

m — 1 

(27) {'5'j,Tn, <S'i,o} + {'5'j,07 5';^„i} = — ^ S*;,™-/!;}. 

fc=l 

The condition that u\z = tt implies 

Sj^Q = • 

Therefore 

We then sec that (27) becomes 

m — 1 

dyiSj^m dyjSljn — ^ ^ {"^j.fc; 'S'i.rn— fc} 
fc=l 

which is exactly what we get by expanding (26). □ 

Remark 5.3. Notice that (26) are a set of partial differential equations satisfied by the 
sequence {5,„},„gN- Moreover the definition of Pm depends only on the Sk^s with k < m— 1, 
therefore one may think of solving the equations recursively. From each solution Sm of the 
m-th equation, we may determine another by adding to Sm a fibrewise closed section of £*. 

Now we provide a method to construct and characterise sequences {S'm}meN of solutions 
to (26). Suppose {V,u) G ^-nd let W C u{V) be a neighbourhood of T. Let r € M be a 
parameter. For b = (0, 62, ... , 6„) € F, let (r, b) denote the point (r, 62, ... , fo„) G K". Given 
(r, 6) S W, denote by Lr.b the fibre u~^{{r,b)). For every fibre Ff, C Z oi tt, consider the 
symplectomorphism 

n 

(28) {yi, . . . ,yn,^Xkdyk) i-^ (xi, 62 + 2:2, ...,&„ + a;„, yi, y„), 

between a neighbourhood of the zero section of T*Fi, and a neighbourhood of Fi, in T^. If 
W is sufficiently small, for every (r, 6) e W, the Lagrangian submanifold i^.b will be the 
image of the graph of a closed 1-form on Ff,. Due to the invariance of u and the fact that 
Ml = bi, this 1-form has to be of the type 

rdyi + £{r, b), 

where £{r, b) is the pull back to Fi, of a closed one form on _FJ,. Denote by £{r) the smooth 
one parameter family of sections of £* such that £{r)\p^ = £{r,b). The condition u\z = tt 
implies that ^(0, b) = 0. Furthermore, the A^-th order Taylor series expansion of £{r) in the 
parameter r can be written as 

N 

(29) ^(r) =^4r'^+o(r^), 

k=l 
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where the £k's are fibrewise closed sections of £*. We can write 

n 

(30) £k = y^^aj,kdyj. 

i=2 

The following Lemma is rather technical but straightforward, thus its proof may be skipped 
on first reading. 

Lemma 5.4. Given (V, u) G {S'mlmeN be the sequence (24) of sections of Z* encoding 

the Taylor coefficients of u and let {^m}meN be the sequence of fibrewise closed sections of 
£* constructed from u as above. Then for every m G N, there exist formulae 

(31) ^j-.'m — ^3^^ ~^ Rj^m-: 

where Rj,rn is an explicit polynomial expression depending on the S'/.fe's and their derivatives 
in the biS up to order to — 1 and with < fc < m — 1. In particular i?j i = 0. Thus the 
sequence {(-m\m&i uniquely determines the sequence {Sm\men recursively and viceversa. 

Proof. First of all let us write 

n 

e{r) =rdyi +^aj{r)dyj. 
i=2 

Then by definition 

N 

(32) a,{r)^Y.''^^>^'^'+^(^'')- 

k=l 

The a^'s are functions of {r,b,y), with {b,y) G Z, satisfying by construction 
\ui{r, 62 + 02, + an,y) = r, 

\uj{r, 62 + 02, . . . , 6„ + a„, y) = bj for all j = 2, . . . , n. 

When W is sufficiently small and (r, b) G W, this system can be solved using the implicit 
function theorem to determine the a^'s uniquely. We will now use it to compute the Oj^m's 
and determine the formulae (31). 

Let j — 2, . . . ,n, then from the system and the conditions on u wc obtain 

aj |r=0 = 

and 

n 

(34) db^uj + db^Uj drttk = 0. 

k=2 

When evaluating at r = 0, using u\z = tt, wc get 

dbiUjlr^Q + draj\r=o = 0, 

i.e. that 

(35) aj-i = -%i. 

Now we do the second order terms. Derivating (34) we obtain 

n n n 

^bi^j + X! ^bidb^uj drUk + ^ dbidb^^uj drtti drttk + ^ db^^Uj d'^.au = 0. 

k=2 k,l=2 k=2 

Evaluating at r = we get 



(33) 



9bjMj|r=0+ \^2dbidb^Ujdrakj |r=0 + 9^ailr=o = 0, 

i.e. we obtain 

n 

(36) Oj- 2 = -Sj^2 + ^ db^Sjs Sks- 



k=2 
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So we have that (31) holds for m = 2, where 

n 

Rj,2 = ^db^Sj^i Sk,i. 

k=2 

For the terms of order greater that two we refer the reader to the Appendix in §9. □ 

Remark 5.5. Wc point out that (35) shows that the definition of £i given in this section 
coincides with the first order invariant defined in the previous section. 

One good reason to work with the sequence {£k}keN rather than with the sequence 
{Sm}meK is that wc can easily prove the following 

Proposition 5.6. Given any sequence {^fcjfeeN of fibrewisc closed sections of £*, there exists 
a smooth 1-parameter family £{r) of fibrewise closed sections of £,* such that (29) holds for 
every N €N. 

The proof of this is based on the following general: 

Lemma 5.7. For any sequence of C°° functions {a^ : MP M}, there is a C°° function 
/ : R X KP ^ M, such that ak{x) = d^: f{r, x)\r=o, for all fc G N. 

A proof of this Lemma in the case when {a^} is a sequence of real numbers is hinted in 
[15] Exercise 13, page 384. It is an exercise to show that the method proposed there can be 
adapted to the case when ak depends smoothly on a parameter x G M^. 

Proof of Proposition 5.6. Let us first prove the statement assuming that all the £kS are fi- 
brewise exact, i.e. there exists a sequence of functions {fk\keii oii Z such that 

We have Z ^ K""^ x T"-\ where r"-^ is the (n - l)-torus. Let {Ua,(j)a]aeJ be a partition 
of unity on T"~^. Define 

fk,a = \/l>afk. 

We apply Lemma 5.7, for every a e J, to the sequence {fk.a}km lifted to the covering M"~^ 
of T"~^. So there exists a G°° function f^ = fair) such that 

N 

/a(r)=^/fc,.r'^- + o(r^), 
fc=i 

for every e N. Let 

Then /(r) descends to a smooth 1-paramcter family of functions on Z . Moreover 



/M = 



k=l \a<£j / 

N / 

E E '^"•^fc 

fc=l \aeJ 



r*^ + o{r'^ ) 



N 



fc=i 



If we let i{r) be the 1-parameter family of sections of £* such that 

e{r)\p,=df{r)\p^, 

then we clearly have 



N 



e{r)=J2ek r^+oir^). 



k=l 
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We now do the general case. There certainly is a sequence {/fcjfcgN of fibrewise constant 
sections of £* such that for every k E N, ik — Ik is fibrewise exact. Since Ik is fibrewise 
constant wc can write 

n 

Ik = ^qj,kdyj, 

where the Qj^k^s are fibrewise constant functions. Invoking Lemma 5.7, for every j ~ 2, . . . ,n, 
there exists a family of fibrewise constant functions qj (r) such that 

N 

fc=i 

Let 

n 

and let i{r) be the fibrewise exact family of forms such that 

N 

i{r) = Y.{h-lk)r'+o{r''), 

which exists from the previous step. Define 

£{r) = £{r) + l{r). 

One easily checks that (29) holds. □ 

The following is an existence result 

Theorem 5.8. Let {^m}meN be a sequence of fibrewise closed sections of £* and let {S'mlmeN 
be the sequence of sections of £,* obtained recursively from {^mjmeN using formulae (31) in 
Proposition 5.4, then there exists {V, u) G such that for every N E N 

N 



fc=0 

Proof. Following Proposition 5.6, given the sequence {im}m£N, we can construct £(r), a 
smooth 1-parameter family of fibrewise closed sections of £* satisfying (29). We show that 
£{r) can be used to construct the pair {V,u). In fact the process is the inverse of the one 
which led us to the construction of a family i(r) from a fibration u. The construction is 
identical to the one in the proof of Theorem 4.11. Denote £{r, h) = i{r)\p^ and write 

n 

where the aj (r, b) 's are functions depending on y and they satisfy 

N 

(37) a,(r,6) = E%,^W^'+«(^^)- 

fc=i 

Let Lr^b be the Lagrangian submanifold of T*U/A which is the image of the closed one form 

rdyi + £(r, b) 

under the symplectomorphism (28). When W C U is sufficiently small and {r,b) G W, then 
the submanifolds Lr.b are the fibres of a Lagrangian fibration u : V ^ W\ We describe u 
explicitly and show that {V,u) G ■ Given {b',y') G V, there exists a unique (r, 6) G W 
such that Lr^b C V and {b',y') G Lr.b, in fact (r, 6) can be determined as functions of {b',y') 
by solving the non linear system 



(38) 



r = b[ 

bj + Oj (r, b, y') — b'j when j 
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using the imphcit function theorem. We define 

ui{b',y')^b[ 

and, when j — 2, . . . ,n 

(39) u,ib\y')^b,ib',y'). 

We claim that the coefficients of the Taylor series expansion of Uj in b[ arc exactly the 
coefficients Sj,m obtained from the sequence {£m}meN through formulae (31). In fact notice 
that, by construction of Uj, the functions aj satisfy 

Uj{r, 62 + a2(r, b, y'), . . . , 6„ + a„(r, 6, y')) = 6j, 

i.e. they are obtained from Uj as the unique solution to system (33) and therefore the claim 
follows from the proof of Lemma 5.4. □ 

Corollary 5.9. Let {4n}m6N and {S'mJmgN be sequences of sections of £* with coefficients 
aj^k and Sj^k^ respectively, related by formulae (31). Then all the ^m's are fibrewise closed if 
and only if the sequence {S'mjmeN satisfies equations (26). 

Proof. If all the ^^'s are fibrewise closed, then Theorem 5.8 shows that there is a Lagrangian 
fibration u :V K." whose Taylor coefficients are given by the sequence {Sm\m&i- Being u 
Lagrangian, the claim follows from Proposition 5.2. 

Suppose now that {S'mjmGN satisfies equations (26). We prove the claim by induction. 
First of all notice that when m = 1, Si = —£i and equation (26) implies that £1 is fibrewise 
closed. Now suppose we have proved that is fibrewise closed for all m < N. Consider the 
sequence {^mlmgN, where £m = £m when m < N and otherwise. Using formulae (31), we 
construct the associated sequence {SmlmgN- Since all the £m's are fibrewise closed, from the 
first part of this Corollary it follows that {S'mlmsN satisfies equations (26). Denote by Pm 
the 2-forms in (25) constructed from {S'm}meN- Now notice that 

when m < N and 

P — P 

when m < + 1. Moreover, if we denote by Rj k the expressions Rj^k appearing in (31) 
applied to {^mlmgN, then 

Rj,N+l — Rj,N+l, 

where the right hand side denotes the same expression obtained using {S'mjmeN- Therefore 
formula (31) with jti = iV + 1 and the fact that £^+1 = 0, implies 

(40) ^j,N+l ~ Rj,N+l ~ Rj,N+l- 

Define the one form 

n 

Rn+1 = Rj^N+idyj. 
i=2 

Clearly (40) says that 

Sn+1 = Rn+1 

and that equation (26) for {S'mjmeN when m = N + 1 becomes 

(41) dRN+ilp, = Pn+i\f, = Pn+i\f,- 
Using (31) for {S'm}meN when m = N + 1, we obtain 

cJ^jv+iIfj, = — cJS'tv+iIfj, + dRN+ilpb- 

Now substituting (41) and using the fact that (26) holds for {S'm}meN when to = TV + 1 we 
obtain 

d£N+i\Ft ^ ^dSN+ilpt + Pn+iIf^ = 
which completes the proof. □ 

Finally wc have the most general existence result 
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Theorem 5.10. Let {S',„}mgN be a sequence of sections of £*, satisfying (26), then there 
exists {V,u) £ such that for every N E N 

N 
A;=0 

Proof. It is just a matter of applying the previous results. In fact given the sequence {Sm}mGfi 
satisfying (26), using Proposition 5.4 we construct the sequence {^m}meN, whose terms are 
all fibrcwise closed thanks to Corollary 5.9. Finally we apply Theorem 5.8 to obtain u. □ 

Define the following sets: 

■^z ~ {{^m}meN I im is a C°°, fibrcwise closed section of £*}; 

'^z — {{'S'm}m6N | Sm is a C°° scction of £* satisfying (26)}. 

Clearly Proposition 5.2 gives a map T : ^2 ~* assigning to {V, u) the Taylor coefficients 
of u. We summarise the previous results in the following: 

Theorem 5.11. There is a one to one correspondence between the sets ^2 and T(^£). 
In particular from every sequence i £ Ji'z we can construct a unique element S(£) € ,5/' 2 and 
an element (F, u) e % such that T(l/, u) = S{£). 

Given two elements {V,u) and {V,u) € '^2-1 construct two stitched Lagrangian 

fibrations (F, /«) and {Y,fu) as in (22). We recall that /„ and fu are equivalent up to a 
change of coordinates on the base if fu — fm where (j) : W ^ 4>{W) ^ I^" is an admissible 
change of coordinates on the base. If we write (j) = (0ij ■ ■ ■ i4>n), then must satisfy (pi = bi 
and 01(7+ = Id. 

Similarly, we say that two sequences £,£ E ^2 are equivalent up to a change of coordinates 
in the base if they define fibrations fu and fu respectively which are equivalent up to a change 
of coordinates in the base. We now describe this equivalence relation in terms of a group 
action. Given a change of coordinate map (j) on the base satisfying the above properties, we 
can consider its Taylor expansion in bi from the left, i.e. where the coefficients are given by 
left derivatives. For each component 0^ , j = 2, . . . , n, it can be written as 

N 

0j (61, . . . , bn)\wnu- =bj+Y, *j\fc(^2, . . . , bn)b'l + o(5f ). 

k=l 

The left Taylor coefficients of thus define a sequence {^mlmGN; where $,„ : F M"^^ is 
a C°° map whose components are $m = {^2./m, ■ ■ ■ , ^n,m)- 

Lemma 5.12. Given any sequence {^m}ms^ti of smooth maps : F K"^^ with 
components = (*I'2.m, • ■ • , 'I'n,m) there exists an admissible change of coordinate map 
(p = (01, . . . , 0n) defined on some neighbourhood W of F such that 0i ~ bi, 0|(7+nvK = 

Id 

and 

TV 

0j(6i, . ..,bn)\u-nw = bj + J2 '^jAb2, ■ ■ • , bn)b'l + o(6f ). 

k=l 

for all N eN. 

Proof. It follows from Lemma 5.7. □ 
Define the following set 

= {{$™WN|$m G C°°(F,R"-i)}. 

We say that two admissible change of coordinate maps and 0' are equivalent if their 
corresponding left Taylor coefficients define the same element in ^r- We call &r the set 
of germs of admissible change of coordinates. Given a germ $ G S^r we say that an 
admissible change of coordinates is a representative of $, if satisfies Lemma 5.12. 

Composition of germs of admissible maps induces a group structure on ^r, i-C given 
$, e 2It; we define to be the germ of the map 0o0', where and 0' are representatives 
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of $ and $' respectively. It is easy to see that this product on does not depend on the 
choice of representatives. 

The group 'Sy acts on the set ^2 ^'^ foUows. Given i £ ^2 ^-nd ^ ^ ^r, we define $ • i 
to be the sequence i £ ££2 associated to the Lagrangian fibration u = (p o u, where (/> is a 
representative of $ and w is a Lagrangian fibration obtained from £ via Theorem 5.8. 

Lemma 5.13. The above action is well-defined. 

Proof. We need to show that the action does not depend on the choices made. The sequence 
I G .if^ determines a unique sequence {S'm}meN € where each Sm is defined in terms of 
the Taylor coefficients of {t = o m. These coefficients, in turn, are expressed in terms of the 
Taylor coefficients of (f) and u. If we take a different representative (/)' of clearly, the Taylor 
coefficients of 0' o u and (pou coincide. Now let S S ^2 be the sequence determined by £. If 
u' € ^2 is a different realisation of £ then, by construction, u' defines a sequence S' G ,5^2 
such that S = S' . Therefore the Taylor coefficients of o u and (f> o u' coincide. □ 

Proposition 5.14. Let /„ and fa be two stitched Lagrangian fibrations constructed as in 
(22). If locally fa = (j) ° fu for some admissible change of coordinates, then the sequences 
£, (. € ^2 associated to /„ and fa are in the same orbit of ^r- Moreover /„ is equivalent to 
a smooth fibration up to a change of coordinates on the base if and only if ^ is a sequence of 
fibrewise constant sections of £* . 

Proof. The first part of the statement is obvious. If = </> o /„ is smooth, then £ is the zero 
sequence 0. It is easy to verify that i = • is a sequence of fibrewise constant sections 
of £*. Suppose, viceversa, that ^ is a sequence of fibrewise constant sections. Consider 
the associated sequence S G S^2- The coefficients Sj^m of each element Sm G S can be 
regarded as functions on the base F, therefore S also defines a sequence $ S by setting 
$m = iS2,rm • ■ • , Sn.rn)- Let (f) bc an admissiblc change of coordinates representing <f>. It is 
clear that cf)"^ o /„ is smooth and that <I>~^ • ^ = 0. □ 

In §6 we will consider equivalences up to smooth fibre preserving symplectomorphism. 

6. The semiglobal classification 

Let {X,lli) be a symplcctic manifold and f : X B he sl stitched fibration as in Defi- 
nition 3.1. Let Z C X he the seam of / and let F := f{Z) C B. Since we are interested 
in a semiglobal classification, throughout this section wc will consider stitched Lagrangian 
fibrations satisfying the following assumption 

Assumption 6.1. The stitched Lagrangian fibration f : X ^ B satisfies the following 
condition 

(1) the pair {B, F) is diffeomorphic to the pair (-D", D"~^) where Z?" C R" is a ball cen- 
tred at the origin and Z3"~^ C is the intersection of Z?" with an 71— 1 dimensional 
subspace; 

Also, the following data is specified 

(2) a basis 7 = (71, 72, ... , 7n) of Hi{X, Z) so that 71 is represented by the orbit of the 

action; 

(3) a continuous section a of f defined on a neighbourhood of F, such that a\f(^x+) 
and cr|/(x-) are restrictions of smooth maps on B and the image of cr is a smooth 
Lagrangian submanifold of X. 

We denote a stitched Lagrangian fibration together with this data by (X, B, f, 7, cr). 

We will soon show that a section cr as in (3) always exists. 

Definition 6.2. We say that two stitched fibrations (A, _B, /, 7, cr) and (A', B', /', 7', cr'), 
with scams Z and Z' respectively arc fibrewise symplectically equivalent (or just equiv- 
alent) if there arc neighbourhoods W C B ofT := f{Z) and W C B' of F' := f'{Z') and a 
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commutative diagram: 



f 



f 



w — ^ w 

where ^' is an equivariant C°° symplectomorphism sending Z' to Z and </> is a C°° 
difFeomorphism such that 'if o a' = a o (p and 5**7' = 7. The set of equivalence classes under 
this relation will be denoted by and elements therein will be called germs of stitched 
fibrations. 

Now we show that any stitched fibration, satisfying Assumption 6.1, is fibrewise symplec- 
tically equivalent to a stitched fibration of the type {Y, fu) studied in §5. Before doing this 
we need some preliminary results. 

Recall we can write a stitched fibration as: 

V+ onX+; 
f- onX-, 

where is the restriction of a C°° , invariant map to whose fibres are Lagrangian 
when restricted to X^ . As pointed out in §3, the fibres of such a map arc not a priori required 
to be Lagrangian beyond X^. Nevertheless we have the following: 

Proposition 6.3. Let {X, B, /) be a stitched fibration with seam Z C X, satisfying condition 
(1) of Assumption 6.1. Then there are neighbourhoods 1/ C AT of Z and W Q B oiT := f{Z) 
and a C°°, proper Lagrangian fibration f~^:V^W such that f'^\x+nv — f^\x+nv- The 
same is true for 

Proof. Define /o : 2' ^ F to be /o = Consider the reduced space Z = Z/S^ with its 

reduced symplectic form ujred- On R x S*^ x Z we define the symplcctic form: 

tOred + ds A dt 

where {t, s) are coordinates on R x S^. From the coisotropic neighbourhood theorem (cf. [13] 
§3.3) there exists a function e : F ^ R>0: a neighbourhood V C X oi Z and a S'^-equivariant 
symplectomorphism between V and 

(42) {{t,s,p) e R X 51 X Z I -£(/») < t < £(/»)}. 

In particular, the projection onto R corresponds to the moment map fi on V. Now, on the 
set in (42), we can define an "auxiliary" smooth Lagrangian fibration given by 

Tr{t,s,p) = {t,fo{s,p)). 

Fix a basis 7 of iJi(V,Z) = Hi{S^ x Z,Z), satisfying condition (2) of Assumption 6.1 and a 
smooth Lagrangian section of tt. The action-angle coordinates map Q associated to tt, with 
respect to 7 and tr, together with (42), induces a C°° symplectomorphism 

(43) V := T*U/A = V 

for some open neighbourhood C/ of € R" with coordinates (&i, . . . , 6„), which are the action 
coordinates of tt. The pull back to V of the action on V is given by translations along dbi 
and the corresponding moment map is 61. Pulling back fly toV via the latter identification 
we obtain a stitched fibration -with abuse of notation- defined by: 

u+ on y+; 
on , 



(44) / 



where u"^ is the pull back of It follows that u+j^ = u \z = t^\z- 

What we gained so far is an identification which allows us to view /|y as a stitched 
fibration on the smooth symplectic manifold V , where global canonical coordinates exist. 
Now we can use the results of §5 to show that (equivalently, u~) can be extended as 
required. This can be done as follows. Since is the restriction of a C°° map to , all the 
derivatives of its function components with respect to 61 exist. Evaluating them at 61 = 
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produces a unique sequence in ,5^^ which in turn induces a unique sequence in a 
smooth Lagrangian fibration (V, w) g (where eventuaUy we restricted to a smaher y) 
whose Taylor coefficients in h\ evahiated at 5i = coincide with those of (cf. Theorem 
5.11). In particular, this allows us to define 



(45) 



u+ on 
w on V~ , 



obtaining an element (y,u+) G '^i/^, where extends . Observe that different choices of 
w induce different smooth extensions of u+, however, all such choices are obtained starting 
from the same sequence in S^^ determined by the derivatives of u"*". Finally, pulling back 
to y under the identification (43), and perhaps shrinking V , gives us the required /+. One 
can use the same arguments to find a suitable smooth extension of □ 

Corollary 6.4. A section a of {X,B,f) satisfying condition (3) of Assumption 6.1 exists. 

Proof. Perhaps after an admissible change of coordinates on the base, a smooth Lagrangian 
section of /+ is also a section of /. □ 

Let {bi,. ..bn) be coordinates on U C R" and let A be the integral lattice inside T*U 
generated by dbi, . . . ,dbn- Consider T*U/A with its standard symplectic structure and let 
TT : T*U/ A ^ U he the standard projection. For convenience we change slightly the usual 
notation. Let Fnor = {bi = 0} n U+ {6i > 0} n f7, U' := {bi < 0} n f7, Z^or ■= Tr^^r) 
and Znor ■= Znor/S^. Wc assumc that (C/, Fnor) is diffeomorphic to the pair (D",Z3"^^). 
Given {V,u) £ ^z^^j we can construct a stitched Lagrangian fibration {Y, fu) as in (22). 
The zero section of tt also defines a section of fu, after perhaps an admissible change of 
coordinates on the base. We denote this section by uo- As a basis of Hi {Y, Z) we take the basis 
{dbi, . . . , db2) of A. We denote it by 70. Then {Y, fu{Y), fu, ctq, 7o) satisfies Assumption 6.1. 

Definition 6.5. Let F := (X, B, f,(j,j) be a stitched Lagrangian fibration with scam Z, 
satisfying Assumption 6.1. A stitched fibration '■= {Y, fuiY), /«, ctq, 70) of the type above 
is a normal form of F if Fu and F define the same germ of a stitched fibration, according 
to Definition 6.2. 

Observe that the above is a normalisation of a T"-fibrcd neighbourhood of the seam of F. 
In this sense, Fu is a semi-global normal form. 

If Fu = (Y, fu{Y), fu, (JQ, 7o) is a normal form of F := {X, B, /, a, 7) and Z is the seam of 
F, then Z^oi- of Fu is nothing else but Z expressed in action angle coordinates, and thus it is 
a normalisation of Z. Since ctq and 70 are chosen canonically, we will from now on omit to 
specify them and just denote the normal form by Fu = (Y, fu). 

Proposition 6.6. Every stitched Lagrangian fibration {X, B, f) satisfying (1) of Assump- 
tion 6.1 has a section tr and a basis 7 as in (2) and (3) of Assumption 6.1 such that 
{X, B, f,(7, 7) has a normal form (Y, fu) . 

Proof. From Proposition 6.3 we can assume there exist open neighbourhoods V d X of Z 
and PF C i? of F and a proper smooth Lagrangian fibration f'^:V^W extending /+ . Now, 
fixing a basis 7 of iJi(y,Z) as in (3) of Assumption 6.1 and a smooth Lagrangian section a 
of /"*", we obtain a unique symplectomorphism 

e+ : T*U/A^ V 

given by the action-angle coordinates associated to /+. Then by defining u to be the pull back 
of under 0+ one readily sees that / transforms into a fibration of the type (Y, fu). □ 

Definition 6.7. Let {X,B, f,a,^) be a stitched fibration with a normal form (F, /„). Let 
£ e -^Zr^ar uuiquc sequence determined by u. We denote inv(/ti) := (^nor,^) and 

we call it the invariants of (F, /„). The invariants of = (A, _B, /, cr, 7) are defined to be 
inv(F) := inv(/„). 

Proposition 6.8. Let F = {X,B,f,a,"f) and F' = (A', B', /', cr', 7') be stitched fibrations 
with normal forms {Y, fu) and (Y',fu') defining invariants inv(i^) and inv(i^') respectively. 
If F and F' arc fibrewisc symplectically equivalent, then inv(_F) = inv(i^'). 
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Proof. Assume there is a commutative diagram as in Definition 6.2. To keep notation simple, 
let us assume W ^ B and W = B'. Wc have the diagram with commutative squares: 



Y X X' Y' 



U B — ^ B' — [/'. 

Let us concentrate on the outermost square of (46) and define ^ = ^'o^j>o8^^ and = 
a' o (f)o a^^ . We claim that: 

(i) inv(/^„„) = inv(/„); and 
(li) inv(/„,„^) = inv(/„0- 

Since 4> o fu = fu' ° and (ii) would imply that inv(F) = inv(F'). It is clear that 

Znor and Z^oj. must coincide. Observe that ^, restricted to , is a symplectomorphism onto 
(y')"*" which commutes with the projections tt and tt' on T*U and r*C/' and sends the zero 
section to the zero section. Therefore we must have \E'|y+ = 4>*- 

To prove (i) observe that (I)*\t'u+ must send the lattice A' defining Y' to the lattice A 
defining Y. From this it follows that (j>\u+ is the identity map and the restriction of ^' to Y^ is 
also the identity map. Then 0ou|y+ = u\y+ . From this and the smoothness of (j)ou it follows 
that the sequences in ^z„ai defined by o u and u coincide. Hence inv(/„) = inv(0 o /„). 
Similarly, to prove (ii), observe that u' o^\y+ = u'\y+. Since u' and ^ are smooth it follows 
that inv(4,„^) = inv(/„.)- □ 

Corollary 6.9. The definition of the invariants of F = (A, _B, /, cr, 7) is independent on the 
choice of normalisation. 

Proof. Suppose we have two normalisations (y, /„) and (Y' , fu')- Clearly Znor and Z^^^ must 
coincide. Wc can also assume, w.l.o.g. that Y = Y'. What may be different are the maps 
u and u' such that and /„' are two different normalisations of / induced from different 
extensions /"*" of /"*". Consider the invariants inv(/„) and inv(/„/), respectively. Since /„ 
and /„' are symplectically equivalent via = Q' o and (j> = a' o a~^, it follows that 
inv(/„) = inv(/„'). □ 

Proposition 6.10. Let F = (A,B,/,cr,7) and F' ^ (A', B', /', cr', 7') be stitched La- 
grangian fibrations satisfying Assumption 6.1. If inv(_F) = inv(_F') then F is fibrewise sym- 
plectically equivalent to F' . 

Proof. Let (Y, /„) and {Y' , /„') be normal forms of F and F' , respectively. We can assume, 
w.l.o.g., Y = Y'. Let Su and Su' be the series in ^z^o, defined by u and u' respectively. By 
assumption Su = Su'- This allows us to find Lagrangian fibrations {V,u), (V,ii), {V',ii') G 
'^z„„ such that 

. f M on V- , , fw' on (V')- 

u = < ~ , and u = < ~ , 

[u on V+ [u on {V')+ 

where Su ~ Su = Su' . Now there is a neighbourhood W of Fnor and smooth symplcctomor- 
phisms 8 : T*W/A V and 9' : T*W/A V' which are the action-angle coordinate map 
of the fibrations u and u', respectively. Defining 'if = Q' o Q~^, it is clear that ^'|y+ is the 
identity. Furthermore, when restricted to V~ , ^' sends the fibres of u\y- — to the fibres 
of = u'|('y,j_. Therefore ^ is fibre preserving with respect to /„ and /„'. It follows 

that / and /' are symplectically equivalent. □ 

We summarise the previous Propositions in the following: 

Theorem 6.11. Let F = {X,BJ,a,j) and F' = (A', B', /', cr', 7') be stitched Lagrangian 
fibrations satisfying Assumption 6.1, with invariants inv(-F') and inv(_F'), respectively. Then 
F and F' define the same germ if and only if inv(F) = inv(F'). In other words, the set of 
germs of stitched fibrations ^ is classified by the pairs (Znor,^), where £ e ^2 
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The above provides a semi- global classification of stitched Lagrangian fibrations. In con- 
trast to what happens for smooth Lagrangian submersions where no semi-global symplectic 
invariants exist, stitched fibrations in general do give rise to non trivial semi-global invariants. 

Wc can now also state a more precise version of Theorem 4.11: 

Theorem 6.12. Let (J7, F) be a pair, where U is an open neighbourhood of e R" and 
T ^UC^{bl = 0}. Assume (f/, F) is diffeomorphic to the pair (D", D""!). Let A_ C r*F be 
the lattice spanned by {db2, ■ ■ ■ , dbn}, and let Z = T*T/A, with projection it : Z ^ T and 
bundle £ = ker-Tf*. Given integers m2, . . . , m„ and a sequence £ = {ik}keN G such that 

(47) / £i = ruj for all j = 2, . . . , n, 

J dbj 

there exists a smooth symplectic manifold {X,uj) and a stitched Lagrangian fibration / : 
X U satisfying the following properties: 

(i) the coordinates (6i,...,6„) on U are action coordinates of / with /i = the 

moment map of the action; 
(ii) the periods {d&i, . . . , d6„}, restricted to correspond to bases 7* = {71, 7^, . . . , 7^} 

of Hi{X,Z) satisfying (i) and (m) of Corollary 4.6; 
(in) there is a Lagrangian section a of /, such that {Z, £) are the invariants of (AT, /, [/, cr, 7"^). 

The fibration (X, /, U) satisfying the above properties is unique up to fibre preserving sym- 
plectomorphism. 

Proof. The construction of {X,lo) is like in the proof of Theorem 4.11, i.e. 

X = {X+ U V+) Uq {X- U V~). 

But now the map u, used to construct Q, is chosen so that the fibration /„ : X"*" U V'^ R", 
defined by 




7r+ on &i > 
u on 61 < 0. 



{Z,£). Such a u exists thanks to Theorem 5.11. The fibration / is again 

^ _ |7r+ on X+ 
I TT^ on X^ . 

It is clear that by construction {X, /, U) satisfies (i) — [Hi). Notice that Q matches the zero 
section of tt"*" to the zero section of 7r~. Therefore the section a is just given by the zero 
section of tt^ on C/"*" and by the zero section of 7r~ on U~ . 

It is clear from the results proved in this Section (in particular from the existence of a 
normal form) that any stitched Lagrangian fibration (X, /, U) satisfying {i) — {in) can be 
constructed in this way. 

Uniqueness of {X, /, U) is proved as follows. The only choice involved in the construction 
is the function u. Any other choice u' must still satisfy va^{fu') = {Z,t)- Denote by X and 
X' the manifolds obtained from choices u and u' respectively. Let : X ^ X' he the map 
defined to be the identity on X^ and on X" . One can see that is well defined since the 
first order invariants of and /„' coincide. It is clearly a smooth symplectomorphism away 
from Z . We need to show that it is smooth on Z . To see this we can use an argument similar 
to the one used in Proposition 6.10. If we think of in the coordinates on AT^ U , is a 
symplectomorphism sending the fibres of /„ to the fibres of /„' and the zero section to the zero 
section. In a neighbourhood of Z and in these coordinates, we can describe 5*, as follows. 
Since inv(/„) = inv(/„/), we can replace u and u' with u and u' as in Proposition 6.10. 
Let e : T*I^/A V+ and 9' : T*WIK V+ be action angle coordinates of u and u' 
respectively, associated to the zero section and to the basis 7". Then, in these coordinates, 
4* coincides with 6' o 8^^. It is therefore smooth. □ 



satisfies inv(/„) = 
defined by 
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7. Stitched Lagrangian fibrations with monodromy 

Wc now study stitched Lagrangian fibrations defined over a non simply connected open set 
U. In tliis case it may be that the fibration has non-trivial monodromy. When the fibration is 
smooth, this monodromy is usually detected by the behaviour of the periods of the fibration 
expressed in terms of smooth coordinates on the base. In the case of stitched Lagrangian 
fibrations there may not exist smooth coordinates on U, i.e. coordinates with respect to 
which the fibration is smooth. We will see how to detect monodromy from the behaviour of 
the first order invariant ii. This will be done mainly through the discussion of examples. 

In Example 3.4, the fibration is topologically isomorphic to a focus-focus fibration. The 
singular fibre is over G M^. Restricted to X — /~^(0), / is a stitched Lagrangian fibration 
onto U = M.'^ — {0}. We know that the locally constant presheaf on U given by 

W ^ Hi{f-\W),Z) 

has monodromy around 0, i.e. the monodromy map 

Mb : TTiiU) ^ HiiFb,Z) 

at a fibre over b G U is non-trivial. In fact, if e is a generator of tti{U), M6(e) is conjugate 
to the matrix 

1 1 
1 

We now look at a more general 2-dimensional case. 



^ be an open annulus in centred at the origin. As usual denote 
Ur\{bi < 0} and F = C/+ n t/". This time F is disconnected. We 



Example 7.1. Let C/ C 

u+ = ur]{bi> 0}, u- 

let F„ = F n {62 > 0} and F^ = F n {&2 < 0} be the upper and lower parts of F respectively. 
Now let / : X ^ be a stitched Lagrangian fibration such that f{X) = U. Observe that 
the seam Z has two connected components: Zu = /~^(F„) and Zd = /^^(F^). Denote by Z^ 
and Zd the respective quotients, i.e. the connected components of Z. Given 6 G F^ and 
choosing a curve going anticlock-wise once around as generator e <E 7ri([/), suppose that 
with respect to a basis {71,72} of 7Ji(Ff,,Z) the monodromy is 



(48) 



Mb(e) 



1 — m 
1 



for some integer m 7^ 0. In this case we must have that 71 is represented by the orbits of the 
action. As usual let = f~^{U^). Since U — Td is contractible we can think of {71,72} 
as a basis of Hi{f^^{U — Frf),Z). Consider the diagrams: 

Hi{X+,Z) 



or 



H,ir\u~rd),z) 

H,if-^{U-Td),Z) 



3+ 



i/i(ri(c/-r„),z) 
//i(/-i(c/-r„),z) 



Hi{x-,z) 

induced by inclusions and restrictions. The map j+ identifies {71,72} with a basis {71,72^} 
of Hi{f^^{U — F„),Z), whereas j_ with a basis {71, 72'}- Notice that monodromy is given 
by j^^ o j_. Therefore we must have 7^ = 77171 -I- 7^^. Hence {71,7^} and {71,7^} satisfy 
conditions (i) and (ii) of Corollary 4.6. Applying Lemma 4.9 to / restricted to f~^{U — F„) 
wc can consider the action coordinates map a constructed by taking action coordinates with 
respect to {71,7^} on and with respect to {71,72"} on U~ . Denote by [bf^b'^) such 
coordinates. Similarly on U — Yd we can consider action angle coordinates with respect to 
the basis {71,72}- Denote by (&i,&2) these coordinates. In particular we can identify 



Zd = T*Td I {dh 
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and 

With respect to this choice of coordinates we can construct the first order invariants P{ and 
l\ of / on Z„ and Zd respectively, then by applying Remark 4.10 we obtain 



db" J dhi, 



and 



This tells us that monodromy can be read from a jump in cohomology class of the first order 
invariant associated to action coordinates. 

Using the methods of Theorem 4.11 we can also construct stitched Lagrangian fibrations 
with prescribed monodromy and and invariants. In fact wc have 

Theorem 7.2. Let L/ C be an annulus as above with coordinates (hi^h^). Let Zd — 
T*Vd I {db2)i, and Z^ ~ T*Tu / (^62)2 with projections tt'^ and 7f" and bundles 2d ~ kerTf^ 
and £,u = ker-Tf" respectively. Given an integer m and sequences i"^ = {^fcjfeeN £ -^z ^^'^ 
r = {q}keN € such that 

/ £5* = and / ef = m, 

Jdb2 Jdb2 

there exists a smooth symplectic manifold {X, lo) and a stitched Lagrangian fibration f : X ^ 
U having monodromy (48) with respect to some basis 7 = {71,72} of Hi{f~^{U — Td),'!') 
and satisfying the following properties: 

(i) the coordinates (61,62) arc action coordinates of / with moment map /*6i; 
(a) the periods {^61,^62}, restricted to correspond to the basis {71,72}; 
(Hi) there is a Lagrangian section a of /, such that (Z^, £") and {Zd, i'^) are the invariants 
of (/-i([/-rd), /, U-Td, a, 7) and {r\U-T.^), /, C/-r„, a, ^+(7)) respectively. 
The fibration (X, /, C/) satisfying the above properties is unique up to fibre preserving sym- 
plectomorphism. 

Proof. We let A+ and be the lattices generated by d6i and ^62 in T*U^ and T*U~ 
respectively. Define X± = T*U^/A±, Z± = (7r±)-i(r„) and Z^ = {Tr^)~^{Td). Then, 
using if and if, we construct maps 

Qu ■ 

and 

Qd-Z^ ^ z+ 

like in Theorem 4.11. We use these maps to glue X^ and X^ topologically along their 
boundary and thus form X. For the smooth and symplectic gluing we follow the same 
method as in Theorem 6.12, where higher order invariants are used. From the discussion 
of Example 7.1 it follows that the fibration has the prescribed monodromy. Uniqueness is 
proved like in Theorem 6.12. □ 

We now discuss a three dimensional example. 

Example 7.3. In consider the three-valent graph 

A = {(0, 0, -t), t > 0} U {(0, -t, 0), t > 0} U {(0, t,t), t>Q} 

and let D be a tubular neighbourhood of A. Take U = M? — D and assume we have a stitched 
Lagrangian fibration / : X ^ g^j.j^ ^YvsX. U = f{X). The seam is Z = f~^{{hi = 0} ("1 U). 
Again we let C7+ = [/ n {61 > 0}, U- = U C^ {bi < 0} and F = C/+ n C/". Also let 
X^ = f^^{U^). This time F (and thus Z) has three connected components 

Fc = {(0,t,s), t,s<o}nu, 
Td {(0,t,s), t>o,s <t}nu, 

Fe = {(0,t,s), s > 0,t < s}n [/. 

Also denote by Zc, Zd and Z^ the corresponding connected components of Z and by Zc, Zd 
and Ze their quotients. 
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Fix b Cz Tc and suppose that there is a basis {71,72,73} of Hi{Fi,,'Zi) and generators 
60,61,62 of 7ri([/), satisfying 696162 = 1, with respect to which the monodromy transforma- 
tions are 

/ 1 -mi \ / 1 -m2 

(49) Mb(ei) = Ti = 1 , Mb{e2) = T2 = 1 

\ 1 / \ 1 

and Afb(eo) = Tq = T^^T2^, for non zero integers mi and TO2- We have that 71 is represented 
by the orbits of the action, since it is the only monodromy invariant cycle. Now. since 
U — {Td U Fe) is contractible, {71,72,73} is a basis of Hi{f~^{U — (F^ U Fe)),Z). Consider 
the diagrams: 



or 



iJi(/-i('^-(rdUFe)),z) 



-ffiCrHc^- (rdUFe)),z) 



3+ 



■i7i(/-i(C/-(rcUFd)),Z) 




Fi(X-,Z) 

induced by inclusions and restrictions. The map 7+ identifies {71,72,73} with a basis of 
H\{f~^{U — (Fc U Fd)),Z). which we call {71,72^,73^}, while j_ identifies it with another 
basis, which we call {71, 7;^' 73"}- Notice that the monodromy map Mf,(ei) = o We 
must have 



(50) 



Therefore {71,72^,73^} and {71,72^,73^} satisfy conditions {i) and (m) of Corollary 4.6. Ap- 
plying Lemma 4.9 to / restricted to f~^{U — (Fc U F^)), we can consider the action coor- 
dinates map a on U — (F^ U T^) constructed by taking action coordinates with respect to 
{71 : 72^: 73^} on [/+ and with respect to {71, 72", 73"}} on U~ . Let us denote these coordinates 
by {bl, ^2: ^3)- Similarly we can consider action coordinates on U — {Td U Fe) with respect to 
the basis {71,72,73} of i/i(/-i(C/ - (F^ U Fg)), Z). We denote them by {bl,b^,b^). We have 
the identifications 

Ze = T*Fe/(d6^,d6^)z 

and 

= r*Fc/(d6§,d6^)z. 

With respect to these coordinates we can compute the first order invariants £f and on 
Ze and Zc respectively. From Remark 4.10 and identities (50) applied to and if we obtain 



and 



/ e^^O and / ti=mi. 
Similarly we construct the first order invariant if on Zd- It will satisfy 

0. 



dbi 



(■I ~ ni2 and 



dbi 



Again, monodromy is understood in terms of the difference in the cohomology class of the 
first order invariant. Example 3.6 is a special case of this situation, where mi = m2 = 1. 

Again, one can produce stitched Lagrangian fibrations of the type described in this example 
with the gluing method Theorem 4.11. In fact we can prove 
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Theorem 7.4. Let U C R^, Fc, Td and Fe be as in Example 7.3 and let (61,62,^3) 
be coordinates on U. Define = T*Tc / {db2, dbs)^, Zd = T*Td / {db2, dbs)!. and Z^ = 
T*Te/ {db2,dbz)i with projections Tf"^, tt'', tt*^ and bundles £c = kerTfJ, £d = kerTff, £e = 
kerTfJ. Suppose we arc given integers mi, m2 and sequences £^ = {^fejfceN G ; = 
{(.t}km G =5^^, and r = {£^}feeN e ^z. satisfying 

/ ^1 = I ^^ = 0, 

^ db2 J dbs 

f ei = and / ei= mi, 
= ma and / ^ 0. 

db2 •J dh^ 

Then there exists a smooth symplectic manifold (X, iS) and a stitched Lagrangian fibration 
f : X —* U having the same monodromy of Example 7.3 with respect to some basis 7 = 
{71, 72, 73} of Hi{f^^{U — {Td U Fe)), Z) and satisfying the following properties: 

(i) the coordinates (61, 62, ^3) are action coordinates of / with moment map /*&i; 

(a) the periods {dbi,db2,db3}, restricted to correspond to the basis 7; 

(Hi) there is a Lagrangian section a of /, such that {Zc,i'^), {Zd, C^) and {Ze, are the 
invariants of (/-^(C/ - (Td U F,,)), f,U- {Yd U Fe), a, 7), {f-\U - (F^ U Fe)), /, C/ - 
(Fe U Fe), a, .7+(7)) and {f-\U - (Fe U F^)), /, C/ - (Fe U Frf), a, ^+(7)) respectively. 
The fibration (X, /, U) satisfying the above properties is unique up to fibre preserving sym- 
plectomorphism. 

We omit the proof which is simply a repetition of the usual gluing method from Theo- 
rems 4.11 and 6.12. 

8. More examples? 

In this section we would like to propose a conjectural construction generalising the one, 
described in [3], which led us to Example 3.6. In [9], Guillemin and Sternberg make the 
following observation. Let N = n + m, with n, m positive integers. Consider C^^^ with its 
standard symplectic structure, then acts on it, in a Hamiltonian way, via the action given 

by, 

(51) : (zi, . . . , ZN+i) 1-^ (e*^zi, e~*^Z2, . . . , e"*^z„+i, z„+2, . . . , zn+i) 

with moment map 



Zlp-|z2|2-...-|z„+i|2 



2 

The action is singular along E = {zi = ... = Zn+i = 0}, which can be identified with C". 
The observation is that for any e G M>o the reduced spaces (A/j, Wr(e)) can be identified with 
{C^ ,uj£n) with standard symplectic form, (this includes the case of the critical value e = 0). 
While when e € M<o, (Afe,Wr(e)) can be identified with the e-blow up of {C^ ,ujcn) along the 
symplectic submanifold E. 

The e-blow up can be described as follows. Let L be the total space of the tautological 
line bundle on P"~^. The incidence relation gives L as 

L = {(«,/) eC"xP"-i|wG/}. 

There are two natural projections: tt : L ^ P"^^, which is the bundle projection, and 
/3 : L ^ C" which is the blow-up map. The latter is a biholomorphism onto C" — {0} once 
the zero section is removed from L. Let lofs be the standard Fubini-Study symplectic form 
on P"~^. The e-blow up of C" at is L together with the symplectic form given by 

The e-blow up of along E = C" can be identified with L x C" with symplectic form 

In the case n — I the blow-up is topologically (and holomorphically) trivial, i.e. blowing 
up does not do anything. In fact one can also show, by following Guillemin and Sternberg's 
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argument, that the reduced spaces can aU be identified with (C™+^, Wc'^+O for aU values of 
e. This identification can also be explained as follows. Consider the map 7 given in (6) and 
define the map p : C'"^'^ C""*"""^ given by 



Restricted to ^ ^(e), this map can be regarded as the quotient map ^ ^(e) — > M^. It can be 
shown that the reduced symplectic form with respect to this map is precisely 0;^™+! . 

Example 3.6 comes from this construction in the case m = n = 1. In fact the fibration / 
is of the type Logo$op, where $ is a symplectomorphism of and Log : (C*)^ is the 

map (wi,W2) I— *■ (log |wi I, log 1). The fact that / is not smooth is due to the non-smoothness 
of p, i.e. the reduced spaces are not identified with in a smooth way. 

We think that it may be possible to generalize this construction. The idea is to use 
another result of Guillemin and Sternberg proved in the same paper. The result is as follows. 
Let X be a compact 2N dimensional symplectic manifold with symplectic form lo and 2m- 
dimensional symplectic submanifold Y . Consider now a principal bundle po : P X 
with a connection one form a. Given an interval / = (— e, e), Guillemin and Sternberg [9]§12 
construct a 2{N + 1) symplectic manifold X with the following properties. 

(1) There exists a Hamiltonian action on X with proper, surjective moment map 

X I. 

(2) For positive t G I, ii~^{t) is equivalent, as an bundle, to P and the reduced 
symplectic space {Xt,ijJr{t)) is symplcctomorphic to {X,lo). 

(3) The only critical value of $ is t = 0. If S := Crit(/i) C /x~^(0), i.e. the set of critical 
points of ^, then E is a smooth symplectic, 2m dimensional submanifold of X and 
the action is locally modelled on (51) (in this case is also called a simple critical 
value). If X^ denotes the reduced symplectic space at 0, with reduced symplectic 
form ijJr{0) and quotient map ttq : /.j^^(O) Xq, then the triple (Xq, 7ro(S), Ci'r(O)) 
can be identified with (X,y, w). 

(4) When f S / is negative, then the reduced space (Xt,a;,(t)) can be identified with 
the blow-up X oi X along Y with symplectic form u}Y,t + (3*tda, where cuY.t is the 
t-blow-up form along y on X and f3 : X X is the blow down map. 

We are interested in Guillemin-Sternbcrg's construction in the case TV = m-|- 1, i.e. in the 
case F is a codimension 2 symplectic manifold. For simplicity we also assume that P = X x 
and a = 0. We can make the following observations. 

(a) Topologically X is equivalent to X, but symplectically {X,LUY,t) and {X,uj) differ 
since the latter one has less area (blowing up removes the area of a small tubular 
neighbourhood of F). 

(b) Consider the quotient p : X ^ X/S^, then X/S^ can be identified with X x I. If we 
restrict p to X — T, then it becomes an bundle onto {X x I) — {Y x {0}). Let Ci 
be the first Chern class of this bundle. If is a small 2-sphere centred at the origin 
in a fibre of the normal bundle of y x {0} inside {X x /), then ci{S) ~ 1. 

As we saw in the beginning of this section, in the non-compact case {X, ui) = (C™"''^ , wcm+i ) 
and Y = C™, the observation in (a) was not true, in the sense that the identification could 
be made also symplectically. This is because, although blowing up locally reduces area, in 
this non-compact case the area is infinite so it does not constitute a symplectic invariant. So 
the idea is to try to generalize Guillemin and Sternberg's construction to other non-compact 
cases. One interesting situation is if we take {X,u!) with X = (C*)^ and 



As symplectic submanifold Y we can take some smooth algebraic hypersurface. 

We think it may be possible to generalize Guillemin and Sternberg's construction to this 
case. The hypothesis of compactness was made in order to be able to use the coisotropic 
embedding theorem in symplectic topology, but this theorem holds also in non-compact 



(52) 



P : {zi,Z2, Z3, • ■ • , 2m+2) (7(2:1, Z2), Z3,... 




N 
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situations. The question is whether the reduced spaces can all be identified with ((C*)^,a;). 
Since the space is non-compact, area is not an obstruction. 

Why would such a construction be useful? We could use it to construct interesting ex- 
amples of piecewise smooth Lagrangian fibrations with singular fibres. In fact suppose the 
conjectured symplectic manifold X exists with the above properties and such that all reduced 
spaces can be identified with ((C*)",w). Then, on X we could define a piecewise smooth 
Lagrangian fibration as follows. On (C*)^ x / define the fibration given by 

F : {zi,...,ZN,t) (log|zi|,...,log|zAr|,0. 

Clearly Ft = ^|(c*)"x{t} is Lagrangian. Now suppose there exists a map p : X (C*)^ x J, 
equivalent to the quotient X X/S^ and with respect to which the reduced spaces arc all 
{(C*)-^ ,uj). Presumably this map would be locally modelled on (52), in particular it would 
fail to be smooth on /i~^(0). The piecewise smooth Lagrangian fibration would be 

(53) f = Fop. 

We expect / to be a stitched Lagrangian fibration when restricted to X — /^^(A). The 
interesting aspect of this map is the structure of the singular fibres. In fact its discriminant 
locus is A = F{Y X {0}), which is Log(y) x {0}. Images of algebraic hypersurfaces of (C*)^ 
by Log are called amoebas and they have shapes of the type pictured in Figure 2 




Figure 2. Amoebas with their respective Newton polygons. 



The topological property, discussed in the observation (b), of the bundle p : X — ^ 
{X X I) — {Y X {0}), ensures that the fibration /, restricted to X — /^^(A) has non-trivial 
monodromy. In fact one can find examples where monodromy would be of the types discussed 
in (7.3). These examples, and the calculation of monodromy, generalize the construction in 
[5] of the negative fibre, also called the fibre of type (2, 1), where a circle bundle with the 
topological property (b) is used. 

In a work in progress [2] the authors use the piecewise smooth Lagrangian fibration in 
Example 3.6 as one of the building blocks for the construction of Lagrangian fibrations of 
6-dimensional compact Calabi-Yau manifolds. One of the ideas involved is that the invariants 
we have defined for stitched Lagrangian fibrations can be used to perturb the fibration in 
Example 3.6 away from the singular fibres in order to glue it to other pieces of fibration. In 
fact the sequence £ = {£k}k£fi of fibrewise closed sections of iL* on Z can be easily perturbed, 
for example by multiplying each element by cut-off functions on the base F or by summing 
to each element other fibrewise closed section and so on. 

We believe that the more general construction proposed in this section is interesting be- 
cause, if it can be carried through, then these Lagrangian fibrations could be used as building 
blocks of more general Lagrangian fibrations of compact symplectic manifolds. 
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9. Appendix to Lemma 5.4 
We give here a proof of Lemma 5.4 for all m G N. Recall we can write 



N 



(54) a,(r)=^a,,,r'=+o(r^). 

fc=i 

The Oj's are fmictions of {r,b,y), with {b,y) e Z, satisfying 
\ui{r, 62 + a2, . . . , b„ + an, y) = r, 

\uj{r, 62 + 02, ... , bn + a„, y) = b.j for all j 2, . . . , n. 

When W is sufficiently small and (r, 6) G VF, the functions be uniquely determined 

using the implicit function theorem. We will now use it to compute the aj^mS and obtain 
formulae (31). We can rewrite the second equation of the above system by applying 

N 

(55) u,^Y.^o,kb\ + o{b^). 

k=0 

We obtain 

N 

bj + aj + ^ Sj,k{b2 + a2, . . . , 6„ + a„, y)r'' + o(r^) bj 

k=l 

which implies 

JV 

(56) a-j + Sj,k{b2 + as, . . . , 5„ + a„, y)r'= + o(r^) = 0. 

fe=i 

To express everything as a power series in r we use the Taylor expansion up to a certain order 
N' of the 5j,fc's, which in the multi-index notation is given by: 

N' 

Sj,k{b2 + 02, . . . ,6„ + a„,y) = ^ ^ C/ d\Sj,k{b2, . . . ,bn) a^^ ■ . . . ■ al^ + . . . , 

1=0 \i\=i 

where I = (12, ■ ■ ■ , in) is a multi-index and the C/'s are suitable constants. 

Let us introduce the following notation. For every multi-index / = (12,..., i„), let us 
define the following set 

:Ki = {(^2, ...,Hn)\Hke {ZyoT" if jfe > 1 and Hk = e Z if ik ^ 0}. 

When ik > 1, we also write Hk ~ {hk,i, ■ ■ ■ , h-k^i^^)- For every to e N, we denote 



h. . 



Clearly if |7| = and m > 1 or if < m < |/| then 3^/^„i is empty. When ik ^ for all 
fc = 2, . . . , n, substituting (32) we compute that 

al' ■ • ■ ■ ■ fln = X! X! "2,/i2,i ■ ■ • ■ • a-iM.i-i ■ ■■■■ "■n.h^,! ■ ■■■■ a2,h„,.„ + o(r^ ). 

m=l yifSMj,^ J 

Let us introduce another bit of notation. When |/| 7^ 0, for all H G 'Kj, let 

ik 

When |/| = 0, the only element in 'Kj is £ Z", so we set 
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Thus for all multi-indices /, we have 

m=0 \H£J{i,„, J 

Therefore Sj,k{b2 + ■ ■ ■ ,bn + o-m u) written as a power series in r becomes 

%fc(62 + a2,...,6„+a„,y) = ^ I ^ ^ C/ y) j r" + o(r^'). 

Substituting this into (56) we obtain 

N / i-i \ 
«^ + E E E E y) AH\r^+ o(r^) = 0. 

1=1 \m=0\I\<mHeMi.m ) 

Substituting also (54) wc have 

«^.' + E E E Cid\'^S,,i_,^{h,y)AH\r' +o{r'')^Q. 

m=0 |/|<m-H"eMj,„ ) 

Therefore, for every I G Z>o, we have 

Oj.i = - E E E Gid^pSj^i-m{h.,y) Ah- 

m=0 |Z|<mH6M/,„ 

When / = 1, this becomes 

when Z > 2 it can also be written as 

= -S'i,; - E E E Cid\'^Sj,i-mAH. 

m=l \I\<mHe^i,m. 

Now notice that when 1 < m < I — 1 and H e "Ki^m, then Ah only depends on the aj^kS 
with \ < k <l — \. Therefore if wc define 

/-I 

^^.' = -E E E Cjd\'\s,,^m{b,y)AH, 

m=l |/|<m He^Ki^m 

when / > 2 and = 0, then (31) holds with Rj^m satisfying the required properties. 
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